We report on experimental evidence of cycle-cycle bursting near a homoclinic bifurcation in a self-oscillating Chua oscillator when it is coupled to another excitable Chua oscillator. The excitable oscillator induces an asymmetry in the self-oscillating Chua oscillator through the coupling. The coupling strength controls the magnitude of the asymmetry that plays a key role in bursting and related homoclinic bifurcation.
I. INTRODUCTION
piking and bursting are important dynamical features [1, 2] of neurons by which they encode, decode and transmit information. The firing of a neuron or a dynamical system is defined as a train of spikes or limit cycle oscillations. Bursting is repetitive firing with periodic or irregular switching to quiescent states. The quiescent state may be an equilibrium fixed point or a small amplitude limit cycle (sub-threshold). When the quiescent state is an equilibrium point, the bursting is called point-cycle bursting otherwise it is called a cycle-cycle bursting for a quiescent state of small amplitude limit cycle. All bursting behaviors in neuron or dynamical systems are mainly classified [1, 2] into two broad classes: point-cycle and cycle-cycle bursting. They are further classified into many subclasses and defined by two bifurcation mechanisms that are involved during transition from the firing to the quiescent state and back to the firing state. Homoclinic bifurcation is one of the important mechanisms of bursting [1] [2] [3] . Our focus, in this paper, is on experimental evidence of cycle-cycle bursting as observed in a firing (limit cycle) Chua oscillator near a homoclinic bifurcation when it is weakly coupled with another silent (excitable) Chua oscillator.There have been many past experimental investigations on the bursting behaviour of neurons [4] . Many channel-based [5] [6] [7] and phenomenological [8] [9] [10] neuron models are available in the literature, which show different bursting phenomena [1, 2] . Few maps have also been proposed [11] , which mimic the S.K.Dana is with the Instrument Division, Indian Institute of Chemical Biology, Jadavpur, Kolkata, India (e-mail: skdana @iicb.res.in).
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fundamental features of spiking and bursting in a neuron. Bursting is also observed in physical systems like CO 2 lasers [12] , an asymmetric Chua oscillator [13] and forced Josephson junctions [14] .
Bursting originates [1] [2] [3] in fast oscillating systems when it is controlled by intrinsic or external slow dynamics. We report here evidence of bursting in two weakly coupled nonidentical Chua oscillators when one of them is in a firing state near a homoclinic bifurcation and the other is in an excitable state. In the uncoupled state, the firing Chua oscillator has two coexisting and symmetric large amplitude limit cycles. The excitable oscillator is at stable equilibrium, which induces via coupling a strong asymmetry in one of the coexisting large amplitude limit cycles of the firing oscillator. For a selected coupling strength, the large amplitude limit cycle of the firing oscillator tends to a homoclinic orbit when a control parameter is changed. Near this homoclinic orbit when the control parameter is tuned, the stable large amplitude limit cycle merges with an unstable small amplitude limit cycle via a saddle-node bifurcation (SN). The time series of this glued orbit appears as a large amplitude limit cycle irregularly switching to a small amplitude limit cycle as shown in Fig.1 . This is defined as cycle-cycle bursting in the literature [1, 2] . Note that the coupling strength controls the asymmetry in one of the coexisting attractors and thereby plays a crucial role in bursting and related homoclinic bifurcation.
We have organized the paper as follows. The experimental set up is described in the next section. How an excitable Chua oscillator induces asymmetry in another selfoscillating Chua's oscillator via coupling is discussed in section III. In section IV, we have presented evidence of bursting in two diffusively coupled Chua oscillators and have discussed the period-parameter bifurcation of bursting. In section V, we have summarized our results with a conclusion.
II. EXPERIMENTAL SET-UP: TWO DIFFUSIVELY COUPLED CHUA OSCILLATORS
The circuit scheme for two diffusively coupled Chua oscillators is shown in Fig.2 . The coupled oscillators (OS-1, OS-2) are indicated by dotted boxes, where each oscillator consists of resistor R 1, 8 , capacitors C 1,3 and C 2,4 and inductor L 1,2 with a leakage resistance r 01,02 and, a piecewise linear resistance approximated by two Op-amp (U1-U2 or U3-U4).
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Coupled Chua Oscillators S.K.Dana, G.C.Sethia and A.Sen S All other components are kept fixed as noted in the circuit diagram except the resistance R 1 , R 8 and the coupling resistance R C . Without coupling, the oscillator OS-1 is selfoscillating (firing) through an appropriate choice of resistance R 1 and the oscillator OS-2 is in excitable state (silent) by a suitable choice of R 8 . The voltages V C1,3 , V C2,4 at nodes of capacitors C 1,3 and C 2,4 respectively are measured using a 2-channel digital oscilloscope (Hewlett-Packard TDS220, 100MHz) and 2500 data points are recorded in each snapshot by its 8-bit memory. The available off-the-shelf components are used in the experiments and their values are measured precisely using a standard LCR-Q Bridge (APLAB 4910). The voltages V C1,C3 (t), V C2,C4 (t) and inductor current I L1,L2 (t) are the state variables. 
III. EXCITABLE SYSTEM INDUCED SYMMETRY
A Chua oscillator has three unstable saddle foci [15] equilibrium points, two outer saddle foci at mirror symmetric positions with eigenvalues (-γ, σ±iω) and one inner saddle focus at the origin with eigenvalues (γ, -σ±iω). Keeping all other parameters fixed when R 1 is decreased in uncoupled OS-1, one can see the birth of a limit cycle via a supercritical Hopf bifurcation around either of the outer saddle foci and then chaos via period doubling (PD). This follows alternate periodic and chaotic states via SN and PD bifurcation respectively. With further decrease in R 1 , a double scroll attractor is born, which again undergoes alternate periodic and chaotic states and then back to single scroll stable limit cycle via a reverse PD followed by an unstable limit cycle via a sub-critical Hopf bifurcation. The trajectory of the double scroll attractor mostly revolves around either of the two mirror symmetric equilibrium points and switches irregularly between them. In real experiment, the mirror symmetry of the double scroll is broken by several sources of natural imperfections [16] , which induces a small or what may be called as a soft asymmetry and hence created dissimilarity in sizes of the two lobes of the double scroll attractor. In the present experiment we find the presence of a strong or what may be characterized as hard asymmetry in the double scroll attractor of the Chua oscillator when another excitable Chua oscillator is either diffusively or uni-directionally coupled to it. The coupling resistance R C controls the magnitude of this asymmetry. The dynamics of OS-1 oscillator under coupling with OS-2 oscillator is elaborated in the next section. The PSPICE simulated 2-D projections of the double scroll for uncoupled and diffusively coupled oscillator OS-1 are shown in Fig.3(a) and 3(b) respectively for comparison. It is clearly evident that one of the symmetric lobes in Fig.3(a) of the uncoupled state shrinks in size in Fig.3(b) under the influence of the excitable oscillator OS-2. Similarly, the piecewise linear function of the uncoupled Chua's oscillator in Fig.3(c) is symmetric while it is strongly asymmetric in presence of coupling as shown in Fig.3(d) . The piecewise linear Chua circuit has three linear segments [15] , one in the inner region and, two equal and parallel segments at outer regions as shown in Fig.3(c) for the OS-1 oscillator in an uncoupled state. Comparing Fig.3(c) and 3(d) , it may be noticed that the linear segments at outer regions are unequal in length as shown in Fig.3(d) , which again confirms the asymmetry of OS-1 under coupling with OS-2. 
IV. BURSTING OSCILLATION In our experiment, the coupling resistance is set at R C =79.2kΩ and R 8 =1881Ω oscillator is found to be restricted to alternate single scroll periodic and chaotic states except for a narrow range of R 1 from 1453.3Ω to1451.5Ω. This is the bursting regime (1451.5Ω≤R 1 ≤1453.3Ω). Outside this R 1 -window of bursting, we find large amplitude period-6 limit cycles at both ends. On the right end of this window, for R 1 =1453.5Ω, we observe a period-6 limit cycle that tends to a homoclinic orbit as shown in the phase portrait in Fig.4(a) . The phase portrait shows that the trajectory spirals away from the inner saddle focus and after making six global turns tends to the saddle focus again along the stable manifold indicated by the red arrow. The corresponding time series of the period-6 limit cycle near homoclinicity is shown in Fig.4(b) . Here, for a little decrease in R 1 the period-6 limit cycle would be a homoclinic orbit that tends to the inner saddle focus from both forward and backward in time. However, this is highly unstable and hence not observable in the experiment. Instead, we observe bursting oscillation for R 1 =1453.3Ω, when the dynamics of OS-1 shows a stable large amplitude period-6 limit cycle (solid black line) and it coexists with an unstable small amplitude limit cycle (solid red line) as shown in the phase portrait in Fig.4(c) . A small part of the corresponding time series of bursting is shown in Fig.4(d) . It clearly shows that the large amplitude period-6 limit cycle switches to a small amplitude oscillation for a single instance and then goes back to the period-6 limit cycle. Such a transition in bursting repeats irregularly in a longer time series as shown in Fig.1 .
To identify the bursting regime in parameter space, a bifurcation diagram is plotted in Fig.5(a) using the V C1(min) from measured voltage at capacitor C 1 . The black lines denote large amplitude oscillations that are either periodic or chaotic. The red solid circles denote unstable small amplitude oscillations. As we decrease R 1 from the right in the V C1(min) -R 1 plot in Fig.5(a) , we find first PD 1 at R 1 =1515Ω and then chaos via repeated PD n (n=2,3..) at R 1 =1478Ω and then an intermediate period-6 window. The period-6 window follows a chaotic window and then a comparatively large R 1 -window (1455.5Ω-1443Ω) of period-3 and period-6 limit cycles interspersed by a narrow bursting regime in the interval of 1453.3Ω to1451.5Ω. The periodic window R 1 =(1455.5Ω-1443Ω) first shows a transition to period-3 states from the right followed by PD to period-6 states. Immediately after this transition to period-6 limit cycle, we observe the bursting regime when a large period-6 limit cycle coexists with a small amplitude saddle cycle. The small amplitude saddle cycles are indicated by red dots for R 1 in the bursting regime of 1453.3Ω to 1451.5Ω. With a further decrease in R 1 , the period-6 regime reappears and then moves to a chaotic regime at R 1 =1441Ω followed by a periodic window of period-2 and period-4 states. The period-4 moves to period-2 states via a reverse PD and to chaos again via a forward PD. Finally the dynamics moves to a period-3 window. The dynamics then becomes chaotic again and then period-1via PD and reverse PD, which are not shown here since they are difficult to observe in an experiment due to extreme parameter sensitivity. Forward and reverse PD are also seen in the intermediate periodic window of period-2 and period-4 states.
In period-parameter (T-R 1 ) space of Fig.5(b) , the time period of limit cycle oscillations shows asymptotic increase with decreasing R 1 interspersed by chaotic states. The black lines with solid circles represent the period of stable limit cycles while the red lines with solid circles indicate chaotic states. The period of both limit cycle and chaotic oscillations are estimated by taking their average rate of change in instantaneous phase. The period (T) tends to infinity near R 1 =1453.3Ω in Fig.5(b) , when the corresponding period-6 limit cycle approaches homoclinicity as shown in Fig.4(a) . The bursting regime is shown in red dots intermediate to black lines in T-R 1 space for 1451.5Ω≤R 1 ≤1453.3Ω. Outside this busting regime, period-6 limit cycles are found at both ends as also noted in Fig.5(a) . The bursting first appears for R 1 ≤1453.3Ω and continues to appear until R 1 <1451.5Ω when period-6 states reappear. We observe an increasing trend of time period (T) with decreasing R 1 , but no additional homoclinic point is observed. The period-6 changes to period-3 via reverse PD when the time period starts decreasing. The period-3 orbit then becomes chaotic interspersed by a narrow period-6 window. A period-4 limit cycle then reappears after the chaotic state, which becomes period-2 via backward PD and then period-4 and chaotic via repeated PD. In the period-2 and period-4 regimes, we find a trend of increase in time period but it never tends to infinity. So we do not find any further homoclinic point in this regime. However, we find a homoclinicity in this regime of period-2 and period-4 limit cycles if R C is increased further or the coupling is weakened. The details of such homoclinic chaos and bursting will be described later. The bifurcation diagram plotted in Fig.5(a) shows good agreement with the period-parameter bifurcation in Fig.5(b) .
V. CONCLUSION
Homoclinic bifurcation is an important mechanism for spiking and bursting behaviour as has been reported in recent studies on maps and models with slow-fast dynamics. We have presented here our experimental findings on bursting in two diffusively coupled Chua oscillators when one of them is self-oscillating and the other is excitable. We have found that a large amplitude period-6 limit cycle close to homoclinicity merges with a small amplitude saddle cycle via a saddle-node bifurcation. The dynamics shows transition between two oscillatory states, one is a stable large amplitude limit cycle and the other is a small amplitude saddle cycle. This is defined as cycle-cycle bursting in the literature. The coupling strength controls the asymmetry in sizes of the large amplitude stable limit cycle and small amplitude saddle cycle, which plays crucial roles in such bursting and related homoclinic bifurcation. We have described the bifurcation behaviour in the period-parameter space to identify the parametric regime of this bursting. Our preliminary results on bursting are restricted to diffusive coupling only. However, this phenomenon is found to be true for unidirectional coupling also. Even for much weaker coupling than what is used in the present experiment, we have observed several bursting regimes each followed by homoclinic chaos. Further works are needed, in future, to demarcate the regimes of homoclinic chaos and bursting in a 2-parameter space for different coupling strength. 
